In this paper, we study a class of superlinear semipositone singular second order Dirichlet boundary value problem. A sufficient condition for the existence of positive solution is obtained under the more simple assumptions.  2005 Elsevier Inc. All rights reserved.
Introduction
This paper is motivated by the boundary value problem (BVP) u + which arises naturally in chemical reactor theory [7] . Problems of this type that the nonlinearity in (1.1) may change sign are referred to as semipositone problems in the literature. In applications one is interested in showing the existence of positive solutions for this type of problems. Motivated by the problem this paper presents existence results for u + f (t, u) + q(t) = 0, 0 < t < 1, u(0) = u(1) = 0, (1.2) where f : C(0, 1) × [0, +∞) → [0, +∞) is continuous, q(t) : (0, 1) → (−∞, +∞) is Lebesgue integrable. f may be singular at t = 0, 1 and q can have finitely many singularities. Problems of form (1.2) have been discussed extensively in the literature (see [1] [2] [3] [4] [5] [6] and references therein) for the case where q(t) ≡ 0 (i.e., positone problem). In particular, Zhang [5] and Ma [6] considered the special case of positone BVP (1.2) when f (t, u) = a(t)h(u), q(t) ≡ 0. But only a handful of papers [8] [9] [10] have appeared where the nonlinearity term is allowed to change sign, moreover most of them treated with semipositone problems of the form f (t, u) + M 0 for some M > 0. It is value to point out that f may tend to negative infinity in this paper. We shall organize this paper as follows. We first approximate the singular semipositone problem to the singular positone problem by a substitution. Then using the fixed point index and the Arzela-Ascoli theorem, we will complete the proof. Finally, we give an application of the existence of a positive solution for BVP (1.1) to state the rationality of our theorem.
For the convenience, we make the following assumptions:
(H 1 ) For any t ∈ (0, 1), f (t, 1) > 0, there exist constants λ 1 λ 2 > 1 such that, for any t ∈ (0, 1), u ∈ [0, +∞),
where q + (t) = max{q(t), 0}, q − (t) = max{−q(t), 0}. 
We state our main result as follows:
Preliminaries and lemmas
In order to overcome difficulty that the singularity and semipositone problem bring, we will use the method of the fixed point index and combining method of varying in translation to show our main result. The following lemmas play an important role to prove our result.
Lemma 2.1 [11] . Let X be a real Banach space, Ω be a bounded open subset of X with θ ∈ Ω and A : Ω ∩ P → P is a completely continuous operator, where P is a cone in X.
Proof. For any t ∈ (0, 1), x, y ∈ [0, +∞), without loss of the generality, let 0 x y. If
y) f (t, y).

Thus f (t, u) is increasing on u in [0, ∞).
On the other hand, choose u > 1. It follows from (1.
Now, we introduce the Green's function
for the following BVP:
Define the function, for y ∈ X,
we have
Since G(t, s) 0, we have x ∈ P . By direct computation, we know
For any fixed u ∈ P , choose 0 < a < 1 such that a u < 1, then a[u(t) − x(t)] * au(t) a u < 1, so by (1.5), (1.3) and Lemma 2.2, we have
Consequently, for any t ∈ [0, 1], we have
If we define an operator T : P → P by 
Proof. For any u ∈ Q, let y(t) = T u(t). By definition of the operator T , we have y(0)
Then 
Consequently,
G(t, s) f s, u(s) − x(s)
* + + q + (s) ds 1 0 G(s, s) (L + 1) λ 1 + 1 f (s, 1) + q + (s) ds (L + 1) λ 1 + 1 1 0 s(1 − s) f (s, 1) + q + (s) ds < +∞.
Therefore T (D) is uniformly bounded. Now we show that T (D) is equicontinuous on
Combining with exchanging the integral sequence, we obtain
So, for any u ∈ D, we have
From the absolute continuity of the integral, we know T (Q) is equicontinuous on [0, 1]. Thus according to Ascoli-Arzela theorem, T (Q) is a relatively compact set.
In the end, we show
.). It is similar to (2.2) and we obtain f s, u n (s) − x(s)
By definition of the operator T , we have
From (2.3), we have
and {r n (s)} is a measurable function sequence in (0, 1). By (H 2 ),
We assert that r n (s) → 0 (n → +∞) for any fixed s ∈ (0, 1). In fact, for any fixed s ∈ (0, 1), in view of the continuity of f (s, u) in relative to u, for any ε > 0, there exists a constant δ > 0, for any v 1 , v 2 0, when G(s, s) .
Then when n > N, we have , s) .
That is r n (s) → 0 (n → +∞), s ∈ (0, 1). Now, by using Lebesgue control convergence theorem, we have
Therefore T : Q → Q is continuous. Thus T : Q → Q is a completely continuous operator. 2 Lemma 2.5. Let Q r = {u ∈ Q: u < r}. Then i(T , Q r , Q) = 1.
Proof. Assume there exists
This and (H 2 ) imply that, for any t ∈ [0, 1],
In the same way, if t ∈ (t 0 , 1), we have
(2.8) (2.7) and (2.8) imply that
which is a contradiction of ( Proof. Choose constants α, β and M such that
That is
Thus r/R < 1/2. Now we show that u T u, u ∈ ∂Q R . In fact, otherwise, there exists y 1 ∈ ∂Q R such that y 1 T y 1 . As the proof of Lemma 2.5, for any t ∈ [α, β], we have
This contradicts M that we choose. Thus from Lemma 2.1, i(T , Q R , Q) = 0. 
